Springer Nature 2021 B TEX template

Estimation from Recall-Based Competing
Risk Data: A Multilevel Framework

M. S. Panwar't, Sanjeev K. Tomer! and C. P. Yadav®f

!Department of Statistics, Banaras Hindu University, Varanasi,
221005, India.
2Saw Swee Hock School of Public Health, National University of
Singapore, 117549, Singapore.

*Corresponding author(s). E-mail(s):
chandraprakashy29@gmail.com;
Contributing authors: mspanwarstat@bhu.ac.in;
sktomer73@gmail.com;

TCo-first authors.

1 Calculation for Two Causes Setup

1.1 Likelihood Construction

Under two causes setup, we can write the likelihood function under observed
data vector d as

L(01d) = T [£(tss 00 F(ti,02)1 = va(sista)}] T [t 02)F (i, 00){1 = wa(sis )}
i=1 i=n,, +1
T flu, 01)F(u,02)11 (s, uw)du + Fu, 02)F(u, 012 (s4, u)du
i= ll_IJrl / 1 . / 2 . :|
H F(s; 61,6). (1)
1=Npr+1

The symbols n,, and n,, denotes the number of individuals who had expe-
rienced the event of interest before monitoring time and recalled the exact

causes of occurrence of the event as 1 and 2 respectively.
Assume T~ W(ay, Bi); k = 1,2 for causes 1 and 2 and denote the param-
eter vector by © = (aq, 81, A\, @2, B2, A2). Putting all the functional forms of
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the densities in (1), the likelihood function can be written as below

Ny
L(®ld) = ay" By " gy T 97 exp{—B1t" — Bat? — A (s; — i)}
=1
Nrg n
H t?271 exp{—ﬂlt?l - /Bgt?Q — Aa(s; —t;)} H exp{—ﬁlsftl - 523?2}
1=n, +1 1=Np,+1
Npor S
[/ a1B1u™ " exp{—frut — 52ua2}(1 —exp{—A1(s; — U)})du
i=n.+1 /0
si
—|—/ agﬂgu("2_1 exp{—pB1u®t — ﬂ2ua2}(1 —exp{—Aa(s; — u)})du} . (2)
0

1.2 Classical Inference

The likelihood function (2) is incompatible to deal further. Since for the non-
recall observations, partial information is available on time to event and causes
of the event is also unknown. We treat it as a missing data problem and apply
the E-M algorithm for point estimation.

1.2.1 Expectation Maximization Algorithm

Since any observation under non-recall is exposed to two cause, hence a latent
variable Z; following Bernoulli distribution with probability of success P; is
introduced. The probability of success (Z; = 1) is defined as

Iy (s;
po= BB o k=12, (3)

> Ik(s4)
k

where, I1(.) and I5(.) is given by

Sq

Ii(s;) = /alﬂlualil exp{—S1u® — 52Ua2}(1 —exp{—Ai(si — U)}>du

0

and

Si

I(s;) = /agﬂgu‘”_l exp{—p1u** — ﬁgu‘”}(l — exp{—XAa(s; — u)}) du.

0

With the help of these probabilities and intoduced latent variable, we can
assign exact causes to each observation under non-recall. Incorporating these,
the likelihood can be written as
Tlrl
L(©|d) = arf” 6?"1 ag"? T ,B;"’Q e H tialfl exp{—B1t;* — Bati® — M (s; —t;)}
i=1



Springer Nature 2021 BTEX template

Estimation from Recall-Based Competing Risk Data: A Multilevel Framework 3

Nrg n
H tia271 exp{fﬂltﬁl — ﬂgt?Q — Aa(s; —t;)} H exp{fﬁlsfél - ﬁgs?z}
i=ny, +1 i=nnrt+1
Nnr sS4 Zq
[/ a1f1u® " exp{—fru™ — BQUQQ}(l —exp{—A1(s; — U)}) du]
i=n,+1 /0
Nnr S84 1—2;
[/ agﬂgua2_1 exp{—B1u®* — ﬂgua2}(l —exp{—Xa(s; — u)})du] .
i=n,+1 /0

(4)
Following equivalent quantity approach, in light of given causes, quantity T*
is introduced, which lies in the interval (0,.5). Now the likelihood function (4)
in the light of conditional density of T can be re-written as

nrl
» - ro — M ro =M -1
L(©]d) = ay™ By May M py T [T 40 T exp{—Butdt — Bati® — Ai(si — )}
i=1
MNrg n
1 ¢
H 1727 exp{ =Bty — Bati? — Xa(s; — )} H exp{—p1s;" — PBa2s;?}
i=npy +1 i=nnrtl
MNnr
-1 Zi
11 [alﬂltfal exp{—B1t; "' — Bat *az}(l —exp{—Ai(s )})}
i=n,+1
Nnr
1 1721'
IT [04252th2 exp{—p1t; "' — 52tfa2}(1 — exp{—Az(s; — t;:k)})] :
i=n,+1

(5)
Also, for making the functional form of non-recall probabilities compatible,
we introduce two latent variables U* and V* corresponding to causes 1 and
2 following exponential distribution with mean )\% and )\% truncated at (S —
T*). For non-recall observations, let us denote the missing data by D* =
(Z,T*,U*,V*). For i" observation belonging to non-recall category, denote
the missing data by d* = (z;,t}, uf,v}). The complete data can be written as
(d,d*). Now under the complete data the likelihood function (5) can be written
as

Le(©|d, d*) _ nrl +z* BmlJrZ zZ* ;lr2+nn1'7nr Bngrnnr n.—2 Agnr—nr—Z*
nrl
—1
[1t8 exp{=puty" — Bats® — Ai(si —t:)}
i=1
TLTZ
-1
[T 527 exp{—But{" — Bat® — Aalsi — t:)}
i:nrlJrl
Mnr 1 n
[tfal exp{—B1t; " — Bot;** — Mu} }] H exp{—Bis;" — Basi?}
i=n,+1 i =npr+1
s ko —1 * Q] * QLo * 1—z
11 [ti exp{—Bit; ' —Bat; ~ — A2v; }] ; (6)

i=n,+1
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where, Z* = Z;:;T 41 #i- Taking natural logarithm of (6), the log-likelihood

function can be written as
1.(8|d,d") = (nry + Z")In(a1) + (nry + Z")YIn(B1) + Z" In(M\1) + (Nrg + N — Mo — Z*) In(az)

npy oy

+ (rg + nr — 1 — Z7)In(B2) + (nr — np — Z7) In(A2) + (01 — 1) D In(t;) — B > 51
i=1 i=1
ney nry Ny Ny Ny
—Bzzt?Q - A1 Z(s,;—ti)+(o¢2—1) Z In(t;) — B1 Z t5t — B Z 32
i=1 i=1 i=ngy 41 i=ngpg 41 i=ngpg +1
nro nnr nnr nnr
— A2 Z (si —ti) + (a1 — 1) Zzi In(t;) — B1 Z zit; T — By Z zit; %2
i=ngpg +1 i=1 i=npt1 i=np41
nnr Nnr Ny
—A1 D mul 4 (ee—1) D> A—z)n(]) =B > (1-—z)ti?
i=npt1 i=npt1 i=npt1
nnr Nnr n n
— Bz Z (1 — Zi)t: @2 _ /\2 Z (1 — Zi)’U: — ﬂl Z S?l — 52 Z 5?2.
i=np41 i=np41 i=npr41 i=nprt1
(7

We define the quantity @ as

Q(@|®(m)) = (nr, + P)In(e1) + (R, + P)In(B1) + PIn(A1) + (Rpy + 1ny — 1 — P) In(crz)

oy nry

+ (Mg + N = 1 — PYIn(B2) + (ny — 0y — P)In(A2) + (@1 — 1) D In(t;) — B1 Dy t5?
1=1 i=1
nry nry iy rir -
=B Y 2=y (si—ti)F(ee—1) D> Int) =B D, tit—B >t
i=1 i=1 i=ngpg +1 i=ngpg +1 i=ngp 41
Ty N Npr
“X > i—t)H(ar—1) > RE[I() |t <si| = p1 D RE[E 4] < s
i=ngp 41 i=np+1 i=np+1
Nnr nnr
—B2 Y PRE[T <si| -\ > PE[u |ul < (si— )]
i=np+1 i=npa+1
Flaa—1) > (- Pi)E[ln(tf) |t < si} -8 > - Pi)E[t;-”‘l [t < si}
i=np+1 i=np+1
Npr nnr
-8 > (- Pi)E[tIQQ |t < sl} “x > - P,-)E[U; | vl < (si — t;)]
i=np+1 i=np+1
=B D st =B 30 s ®)
i=npre41 i=npet1

Since z; ~ B(1, P;), hence E(z;) = P; and E(Z*) = EQQ_" 1 2) = P.
The conditional densities of U* and V* can be calculated by using density
below

h(yi; Ak) _ Ak exp{—Axyi }
1= A (s - ) ) Lol =)
)

hy (yz|yz < (s —tf)yzm)\k) =

where h(.) and H(.) denotes the truncated density and survival functions of
Y at point (S —T7).
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The expectation terms used in E-step of the E-M algorithm can be
calculated from conditional densities of latent variables given below
Jo w17 oy By exp{—B1u! }du
1—exp{—Bis;1}

&1(t]; a1, B1) :E[tfal\tf < si k= 170¢1,ﬂ1} =

L= (Lt frsy?) exp{~Brsi }
61 (1 — exp{—p1s71})

o u1te2 =gy By exp{—B1u®1 }du
1 —exp{—Bis;'}

€(t]; a1, Br,a2) = B[t} °2[t] < sik=1,01,1] =
() (o )
(Br)o2/1 (1 — CXP{-ﬁlS?I}) ’

Jo! w17 In(u)as B1 exp{—B1u1 }du

1 —exp{—Bis; '}

u?*1 " In(u)on By exp{—p1u"! }du
1 — exp{— 5151 1}

&(t]; a1, B1) = E[lﬂ(tfﬂt: < si, k= 170¢1,ﬂ1] =

)

E4(t]; a1, B1) = E[tZ‘” In(t;)|t; < si k= 1701,51} = o

Ka(s:) = n(B1) (1= (1+ Basi) exp{ 157" })
a1 p (1 —exp{—ﬁls?l})
& (t75 a1, B1,02) = E[t7°2 In(t])[t] < 50k = 1,01, 1]
ot w2 n(u)a By exp{—B1u* }du
1 —exp{—Bis;'}
Ko - ) {r (5522 1 (25522}
- 061(51)“2/0‘1(1—CXP{—515?1})

)

i

x - x ()Si7 uA exp{—A1u}
56(ui§ Al):E[“ilui <(3'i_ti)ak:17)\1] = 1—exp{—)\1(s"—t*)}
s; :

_ L [1 = {1+ Xi(si = t))}exp{=Ai(s: — tfﬂ]
A 1 —exp{—Ai(s;i —t})} '

&7 (t]s a1, B1) = [ *al(ln(t )) [t < s4,k = 1,a1,51]

"
ti

u2a171<1n(u))2a1[51 exp{—B1u®1 }du
T exp{ =B}
Ka(si) + (081)) (1= (14 Brs) exp{—prs{1}) — 2In(81) Ka(s:)
- 026y (1 - exp{~Brs71})
Es(t]; a1, B, as) = [ *a2(ln(t )) [t < si k= 1,&1,51]

Jg# wertez = (nw))an By exp{—pru hdu
- [N

Ks(s:) + (n(en) " {0 (2fe2) —p (2te2 5,501) 1~ 2mn(8) Ka(si)
- a%(ﬁl)az/al(1*6XP{*5181'1})

Jo it urte2= g, By exp{—B2u®2 }du
T oxp{— 2577

)

)

Eo(t]; a1, an, B2) = E[t:alﬁf < si k= 27042,ﬁ2} =

(a1+02) (a1+0¢27B gaz)

T B/ (1 - exp{—pasi?})
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JoF w27t as B exp{—B2u2 }du

tT oo, :E[t’.‘azt’.‘<si,k:2,o¢, ]:
€io(t;; az, B2) i 2l 2, B2 [ exn{—Bas?]

_ 1 (1+Bas?) exp{—Pas7?}
Ba (1 7exp{7625?2})

Jo w27  In(u) oo Be exp{—B2u®2 }du
1 —exp{—PB2s;?}

£11(t]; @z, B2) = E{ln(t:)\tf < si, k= 270t2,52} =

Ka(si) = In(82) (1 = exp{—pasi?} )
Qs (1 — exp{—fBas;? })

s

S w192~ In(w)as By exp{—Bau”? }du

2 (7 ar, as, B :E'[t*fallnt’vk t; < si k=2, s, }:
§12(t;5 a1, a2, B2) y (t)t; 2, B2 T~ exp{—Pas™?}

et o {7 (2522) —p (2522, )
= az(B2)1/2 (1 _ exp{7ﬁ25f2}> )

_ f(;l w221 In(u)asBe exp{—LB2u*2 }du
B 1— exp{f,é’gs:.lz}

&13(t]; g, B2) = E[tZQQ In(t))|t; < sisk = 2’0627ﬁ2]

B Ks(s;) — 11’1(62)(1 -1+ 625?2) exp{—ﬂgs?2})
- az B2 (1 - eXP{—BZSEQ})

s, —tF
* - * Jo! P udzexp{—Xu}
*: Xo) = E|v)|v] i—t ), k=2,X| =

€1a(vis A2) [vl lvo; < (si —1t) 2] [y sy W p—T

L1 1= (T dals — 1)) exp{=a(si — )}
Y 1 —exp{—A2(s: —tF)}

)

)

€5(t7; o, 02, 82) = B[1;°1 ((e)) 167 < 51,k = 2, 02, 6]
Jotusrtez—t (1H(U))2a2[32 exp{—f2u*2}du
1 — exp{—f2s;2}
Ko(si) + (n(82))" {1 (2522 ) - 1 (21522, 5,602 )} — 2In(B2) Kr (1)

a3(82)71/%2 (1 — exp{ 2572}

* * * 2 *
E16(t;; o, B2) = E{tiaz (ln(ti)) [t; < sik= 2,042,52]

s

Joi w2t (m(“)) 204252 exp{—pB2u*? }du
- 1 —exp{—fas;?}
Kol + (1(82)" (1= (1+ B2572) exp{—fas;?}) — 2In(B2) Ks(s1)
- o382 (1 - exp{—B2s]?})

)

where,
Ki(y) —/Oﬁlya1 In(y) exp{—y}dy, Kz(y)—/Oﬁlyalyln(y)exp{—y}dy,

K3(y) —/Oﬁlyal v/ In(y) exp{-y}dz, Ka(y) —/Oﬁlyaly(ln(y))Qexp{—y}dy
K3 = | e (1) expl-uddy, Kaly) = / " by exp—aa,

B2y™?

Bay ™2
K7(y)=/ ’ /2 In(y) exp{—y}dy, Ks(y)Z/O yIn(y) exp{—y}dy

(=)



Springer Nature 2021 BTEX template

Estimation from Recall-Based Competing Risk Data: A Multilevel Framework 7

Kg(y)Z/OBQy yo‘l/”(ln(y))zexp{—y}dy, Klo(y)=/OMOZy(ln(y))2exp{—y}dy~

After updating the missing data with help of expectation terms calculated in
the E-step, the log-likelihood is maximized in the M-step and let at the m!"
iteration ©(™) be the vector of unknown parameter’s estimate of ©. Then the

updated value of parameters at (m + 1) iteration can be computed by using
the following expressions

(n,.l + P(m)>

a2

&t = 1 (10)
Ny + oy — iy — PO™)
dgm“} _ ( 2 ) (11)
B
(m)
FlmAD) _ (nry +PC™)
1 - e 4 (m+1) " &(m+1)
i %tll + 2= ir1+1 7,1 +Z?2;T+1 Pi(m)fl (t:§ O‘l(m)aﬂ (m))
a{mHD
4 Z;ZL:;T+1 (1 _ P—;(m))gg (t:; al(m)’a2(m)’62(m)) +3n N
(12)
((m pm
AT = - (13)
S (si = t) + 2 g PO (urs M)
e — p(m)
Ao (72 + nnr = — P )
R I R — m) L) g (m) g (m)
it +E at + X P e (4 51, 0 (™))
flm1
exim (1 PO (t;; 0™, 52<m>) S e
(14)
e — plm)
{0m+1) _ (""T - P ) (15)
2 - n
S s = )+ i (1= PO ) (o7 Aetm)
where,
mry mry m) N ry &( n) nnr
Zln(t )+ gm Zt | In(t) + 45 S0 4t (k) — > P<’”)§3( o™ By <’">)
i=np +1 i=npet1
. nnr . Nnr
8™ S Pea(t aa™ s ™) 14 3 (1= PO e (5 ™ ™, g
i=np41 i=np41
o g a8
+BM DT st Insa)s
i=npe+1
- " m ) "y oy y n L m
B=— > In(t:)+A"™ Zt () + A 3D 42 )+ A5 3D si? In(s)
i=mnpy+1 i=np;+1 i=nnpr+1

+B5™ S R (tf; al(m),az(m),ﬁz(m)> +B5™ > oa 7Pi(m))£13(tf; az(m),ﬁz(m))
i=np41 i=np 41

nnr

_ Z (1_p( ))611( (m) , B2 (m))

i=np41



Springer Nature 2021 BTEX template

8 Estimation from Recall-Based Competing Risk Data: A Multilevel Framework

1.2.2 Observed Fisher Information Matrix

The terms used for the construction of observed Fisher information matrix are
given below

2 nry nry npr
(Z ? = _L;rlj) - B Zt;-]l (ln(ti))2 - B Z ot (ln(ti))2 - f1 Z Pz‘&?(t:; (11751)
o oy i=1 i=np+1 i=np4+1
nn n
- B f (1—P71)§15(t:; 041,(12,[32) — B Z s?l(ln(si))z7
i=ng41 i=npp+1
82Q _ (nTI + P) ) 82Q _ (Mg + Ny — e — P)
B B3 Toep: T B2 ’
2o (mmatmecm-r)
o03 = = oy (me) = 30 i ()
nnr npe n
— B2 Z Pz‘Es(t:; 041,51’042) — B2 Z (1*Pi)516<t:; ag,ﬁz) — B2 Z 572(ln(si)>2,
i=np41 i=np41 i=nnp+1
QP 9Q (nnr*"rfp)
axz — A2 axz A2 ’
52 Q nry nra nnr n
= Z t5 ! In(ts) — Z t In(t;) — Z P& (t:; 041,/31) - Z s; 1 In(s;)
9p1001 i=1 i=ngg +1 i=np+1 i=nppt1
nar . e
- 7‘,:%:“ (1 - Pi)§12 (ti, ai, 012’52) = Bardp
82Q nry nry npr n
9% __ ) ) ag N ) . _ a2 .
9Bad0s ; t; 2 In(t:) i:7§+1 t; 2 In(t:) i:§+1 Pi&s (ti ; a1, B, az) i:7§+1 s; 2 In(s;)
nnr . _ 82Q
- i:§+1 (1 - Pi)fls (ti7 az, 52) = P0208s"

1.3 Bayesian Inference

All the inferences in the Bayesian paradigm are drawn from the posterior
distribution. The likelihood in (2) indicates that it is difficult to study the
properties of posterior analytically. So, we use likelihood given in (6) in this
section for further study.

1.3.1 Prior Distribution

Consider ay, Bk, A\; (k= 1,2) as Gamma distributed with parameters
(a;,br); 1 =1,2,...,6. Assuming the independence of priors the joint prior
density is written up to proportionality constants as below

() ox a1l B2 T N "3 ey M4 By 95 T N6 T exp {—(a1b1 + Brba + A1bs + by + Babs + Aabe)}
(16)

1.3.2 Gibbs Sampling

For applying the Gibbs Sampling the posterior distribution is required which
can be obtained by merging complete likelihood (6) and the joint prior (16).
The posterior distribution up-to proportionality constant is written below

(8|d,d™) « Lc(©]d, d*)m(©)
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o a;nrl +Z*+ay —1)55»17«1 +Z*+“2_1>A§Z*+“3*1)a(2”"2 +"nr—”7‘—Z*+‘14_1)Bén7‘2 +nnr—nr—2Z*+a5—1)

g n
npr—ner—2Z%+ag—1 a1—1 o « o o
/\(2 nronr 61 H LT exp{ =Bty L — Bat? — Ai(sy —t)}  []  exp{-B1s;l — Basi?}

i

i=1 i=npet1
o nnr
2 ag—1 a1 ag ai *ap—1 *oq * oo *17] %4
11 t; exp{—B1t; 1 — Bot; 2 — Aa(s; —t)} ][] t] exp{—pB1t] — Bat] — Aqul}
i=ngg +1 i=np41
N
T [rag—1 xaq a2 oy, ery| T b by — A1b b bg — Agb
t; exp{—B1t; — Bat; — Xgv; } exp{—ajby — B1by — A1b3 — agby — Babs — Agbg}
i=np+1

am)

In order to draw the samples from posterior, we write the full conditionals for
parameters based on the posterior distribution (17) which are given below

(npy+2%+a;-1) (1 o 1 (e —1)
041\@<7|11) o oy H t; H t; 7L

i=1 i=np+1
n/rl @ ﬂ”"z «@ nar * Qv
exp | =B1 D t; =B D tgt =B D =01
i=1 i=np 41 i=np41
Nnr n «
exp | —B1 >, (1 —z)t; Yl — By S sit—agbr ), (18)
i=ng+1 i=nppt1
noy. n
(Mg +nnr—np—Z* +ag—1) 2 ag-1 nr 1-z; —1
a2|0(_g,) x ay 2 T 52 I[I  tr@—=zdle2—D
i=np +1 i=np41
ney Ny
a a
cop | B2 3477 =82 3 47
i=1 i=ngy +1
Nnr ro nnr vo n «
exp [ —B2 D zt;2 — By D0 (1 - z)t; Y2 — Bo > 572 —agby |, (19)
i=npt+1 i=ng+1 i=nnr+1
nr M, Npr nnr n
[e3 « «
BLIO gy ~ 9 |nry + 2% +az, 3ot5 4 3 et DT e+ 3 -zl 3T s b,
i=1 i=np; +1 i=np41 i=np+1 i=npr+1
(20)
nry nnr
* *
MIOa) ~ G| 2" +ag, 3 (i —td+ > miui +bs ), (21)
i=1 i=np41
R T nra “ nnr . nngr . n o
IACTEPRENE] EAND SRS R ED DI SIS L R SN CISPS LD SRR F e
i=1 i=ng +1 i=np41 i=np41 i=nprt1
(22)
. nra nnr N
X219 (_xy) ~ G | nnr — nr — 27 + ag, S =t + Y. (A= z)vui +bg |- (23)
i=np 1 i=np41

Here, Z* = Ny, + Ny — Ny — Z* +as). From equations (18) to (23), we can see
that the full conditionals of a; and «g are not in standard density form. So,
samples from these full conditionals are generated by using Metropolis-Hasting
(M-H) algorithm taking Normal distribution as proposal density. Further full
conditionals of 81, A1, B2 and Ay are following Gamma distribution with vary-
ing shapes and scales and observations from these can be drawn directly for
given values of latent variables z, t*, u* and v* and hyper-parameters.

1.3.3 Data Augmentation Algorithm

The algorithm used for generating samples from full conditionals using nested
Gibbs sampling is given below:
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e Step 1: Set initial values of parameters, say O
(ago),ﬂgo), /\go),ozgo),ﬂéo),)\éo)) and generate z; ~ B(1,P); i
n7,+1,nr+2,'~~ s Mg

¢ Step 2: For given values of z; and ©, generate observations on ¢} using
expression

1/ak
tf = {,Bi In {1 —w; (1 — exp{—Bis;* }) }] s i=ne+lne+2, .o nne, K=1,2,
k
(24)
where w ~ U(0,1).
® Step 3: Based on generated values of z;, tf and © from previous steps,
observations on «; and v; can be generated by using expression

Y = filn [17101(1fexp{f/\k(si7tf)})]; i=ny+1,n.+2,... 00, k=1,2.

Ak
(25)
¢ Step 4: For given values of z;, t7, v} and v} generate observations on agl)

)

and aél using M-H algorithm taking normal as proposal density.

® Step 5: In the next step observations on [351), )\gl), él) and )\(21) can be

(1) (1)
2

generated for given oy’ and as ’ using (20) to (23) respectively.

Now, the current state is O = (agl),5§1),)\gl),aél),ﬁél)7)\él)). Steps 1
to 5 are replicated M times to obtain a sequence of random variables
(@(1)7@(2), e 7@(M)). After discarding the burn-in from generated chains,

the stationarity of the chains are checked by trace plot and Gelman and Rubin’s
test statistics, we left out with a reduced chain of length M’. All the Bayesian
inferences are drawn based on these samples.

2 Posterior Plots for Menopause data
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Fig. 1: MCMC trace plots for posterior samples when causes are known for
non-recall.
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Fig. 2: MCMC density plots for posterior samples when causes are known for
non-recall.
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Fig. 3: MCMC trace plots for posterior samples when causes are unknown for
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Fig. 4: MCMC density plots for posterior samples when causes are unknown
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o By

)

Density(at,) Density(B;)

Density(,)

455 470 09 12

1.0

0.2

4
L1l

0 6 12

0 100

{

T T T T T T
o 1000 2000 3000 4000 5000

iterations

i

T T T T T T
o 1000 2000 3000 4000 5000

iterations

sttt

o 1000 2000 3000 4000 5000

iterations

T T T T T T
0.8 0.9 1.0 1.1 1.2 1.3

N = 5000 Bandwidth = 0.006874

T T T T T
455 460 4.65 4.70 4.75

N = 5000 Bandwidth = 0.004837

T T T T T T 1
0.20 0.30 0.40 0.50

N = 5000 Bandwidth = 0.0007406



	Calculation for Two Causes Setup
	Likelihood Construction
	Classical Inference
	Expectation Maximization Algorithm
	Observed Fisher Information Matrix

	Bayesian Inference
	Prior Distribution
	Gibbs Sampling
	Data Augmentation Algorithm


	Posterior Plots for Menopause data

